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INTRODUCTION
Particularly after the 1968 Prague conference on Biological and Biochemical Oscillators 1 , chemical oscillating systems have attracted much attention. Although the first homogeneous chemical oscillating system had been discovered as early as 1921 2 , it was the discovery of metabolic oscillations, the knowledge of circadian rhythms, as well as their theoretical foundation by thermodynamics [3] [4] [5] , which led to an increased interest in this field. The systems far from equilibrium, such as dissipative structures, chemical oscillations or those exhibiting non-equilibrium phase transitions and other non-linear phenomena, represent interesting and fascinating analogies to biological systems.
Among the various chemical oscillating systems, the BelousovZhabotinsky (BZ) reaction is one of the most thoroughly investigated 6, 7 . The classical BZ reaction is the metal ion catalyzed oxidation and bromination of an organic substrate by bromate ion in acidic solutions [8] [9] [10] [11] [12] [13] [14] . This reaction has attracted researches for more than three decades, and even in closed systems, a variety of unusual complex behaviors can be observed, that are normally expected to be found in biological systems [15] [16] [17] . Such behaviors include concentration oscillations of reaction intermediates 18 , traveling waves [19] [20] [21] [22] , excitability 23, 24 , and concentration oscillation of biologically significant ions 25 . Chemical chaos 26 was first observed in BZ systems running in CSTRs [27] [28] [29] , and the phenomenon is now widely studied by a variety of groups employing many different chemical systems 30 . The bromate-oxalic acid-Ce-sulfuric acid system is one of the Belousov-Zhabotinsky (BZ) 6, 7 type oscillators. The oscillatory behavior of this system was observed, under batch conditions, when the bubbling of an inert gas or the presence of a ketone was used to remove bromine produced during the reaction course [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] . This can be accomplished also by using a CSTR arrangement as the liquid flow can remove the produced bromine 42 . Several mechanistic models have been proposed in an attempt to explain the dynamic behavior of the oscillating reactions. The theoretical analysis practically started with Lotka 43 , in 1910, with a very simple model, constituted by three reactions being one of them autocatalytic. Specifically in the BZ system case, Field, Körös and Noyes (FKN) 44 proposed, in 1972, a detailed mechanism for the BZ reaction with malonic acid as the organic substrate. The FKN mechanism has been successful in rationalizing 10, 45 53 produced a completely revised mechanism for the system bromate -Ce(IV) -oxalic acidsulfuric acid based on several new experimental results. A detailed mechanistic model for the system bromate -Ce(IV) -oxalic acidacetone -sulfuric acid, based on the FKN mechanism 44 , was developed by Field and Boyd 31 . This model is composed of 23 elementary reactions, 9 of which reversible, 15 independent species and is until now the most complete mechanism for a BZ system containing oxalic acid as organic substrate in presence of acetone.
Some oscillating reactions, in addition to the oscillating behavior which give them their name, can show complex oscillations. These complex oscillations were shown to exist for the BZ reaction by Mase³ko and Swinney 54 . These complex oscillations combine low and high amplitude oscillations in repetitive sequences which are called mixed-mode oscillations (MMO) which can be rationalized using Farey aritmetic. Since then several experimental and modeling works have shown MMO in different systems as, for example, the modeling work of Kim, Shin, and Lee 55 for the Briggs-Rauscher oscillating reaction.
In this work we present extensive modeling results for the title system using the Field and Boyd 31 model. Our results show that this model presents different kind of complex oscillations depending on the region of the phase diagram acetone × bromate. The richness found in this system put it between the most promising to be employed to mimic complex biological dynamics phenomena.
SIMULATION METHOD
To model the bromate-oxalic acid-Ce-acetone-sulfuric acid oscillating reaction, we employed the Field and Boyd model 31 , eliminating the reaction 19 which does not contribute for the results (see Table 1 ). The open-flow conditions were established by the addition of flow terms to the differential equations. All calculations were performed using a Pentium 200 MHz and a AMD K6-III 450 MHz PC compatible computers and a program written by Dr. István Lengyel in Turbo Pascal 6.0 to solve autonomous ordinary differential equation systems by a semiimplicit Runge-Kutta method 56 . To obtain the patterns shown in this work the tolerance of the integrator have to be adjusted to a low value, typically 1 × 10 -3 , and the parameter set GRK4A was used 56 . If a higher tolerance value was used, for example 1 × 10 -2 , some patterns were missed and other modified. Tolerance lower than 1 × 10 -3 did not produced new patterns but only slowed down the calculations. Changing the parameter set to GRK4T affected by small quantities the concentrations of bromate and acetone were each pattern appear but did not change the patterns themselves nor the sequence in which they appear. As this set makes the calculations slower we used the first one.
To obtain the detailed phase diagram and the different pattern of oscillations presented here we used the same strategy used by Kim, Shin, and Lee 55 , i.e., inspecting the time series looking for transitions from steady states to oscillations and from one pattern of oscillation to another. This is because a mechanism as big as the one we investigate here does not allow the use of an analytical continuation methods as the AUTO program used by Olsen and Epstein 57 , for example. 31 to observe oscillations in batch for the title system. The k 0 value which we used is a common flow rate which was employed, for example, in the Minimum Bromate oscillator 58 .
RESULTS AND DISCUSSION
The simulations performed for the system bromate-oxalic acidCe-acetone-sulfuric acid revealed a striking wealth of dynamic behaviors until now not described for this system under an openflow regime. These behaviors include simple periodic oscillations, complex periodic oscillations and chaos. The range of concentrations in which each behavior is observed is better shown by a phase diagram like that shown in Figure In the regions labeled HAO and LAO the system show high-amplitude and low-amplitude oscillations, respectively. In the region 0 , the amplitude of oscillations will decrease until the continuous line is reached, when the system will be in a steady state. Then, increasing again the bromate concentration, the system will stay in a steady state until the dashed line is reached, when the oscillations will start abruptly (subcritical Hopf bifurcation). The dotted line in Figure 1 indicates a canard-like behavior line 59, 60 in which the system changes drastically the oscillation amplitude as can be seen in Figure 2 . Classification of this phenomena as a canard explosion requires investigation of the presence of hysteresis and excitation. As this was not done in detail, we prefer indicate this as a canard-like behavior based only in the sudden change of the oscillations amplitude.
The picture shown in Figure 1 is a simplified view of the acetone × bromate phase diagram. There are many other small regions which cannot be shown using this scale. At acetone concentration of 0.175 M and bromate concentration higher than 0.0430 M, inside the LAO region, the system oscillates in a low-amplitude mode as in the left hand side of Figure 2 . Keeping the acetone concentration constant and decreasing bromate concentration to 0.0420 M, the system starts to show a period-2 low-amplitude oscillation pattern, as shown in Figure 3 . This pattern occurs until the bromate concentration is 0.0407 M, showing that this region is rather small. At bromate concentrations below 0.0407 M the system is back to a simple pattern of low-amplitude oscillations until the canard-like line is attained at [bromate] 0 = 0.04055 M.
This behavior is better understood taking a closer look of the phase diagram as it is shown in Figure 4 . As can be seen, there is a period-2 low-amplitude oscillation region between the LAO and HAO regions. This region ends for acetone concentrations below 0.168 M.
Very close to the frontier that separates LAO and HAO, at , with a lower number . Figure 11a which can be considered as a daughter of three parent patterns. Note too that the low-amplitude pattern shown in the Figure 9 (which can not be designed by the L s notation because all oscillations has low amplitude) is the period-4 pattern which appears in a region inside a period-2 region as shown in Figure 4 . , and 1 10 . Otherwise, Figure 13 looks very special because we can see not only two different amplitudes but three (the inner set of low-amplitude oscillations contains 16 and 17 medium and small oscillations, respectively) which belongs to a family of similar patterns which occur in the range of bromate concentrations indicated by the label " Fig. 13 " in Figure 8 . This kind of pattern can not be understood by a Farey sequence and, as far we know, has not been reported before. At bromate concentration still lower, [bromate] 0 = 0.004 M, a pattern very complex arise (see Figure 15 ). As can be seen, there is some regularity embedded in the apparently chaotic pattern. This regularity turns out to be more clear if the [bromate] 0 is decreased to 0.003 M when the system presents the quasiperiodicity 30 behavior, as shown in Figure 16 . This proximity of period-doubling cascades, chaos and quasiperiodicity may suggest that the origins of these behaviors may have a common source but at the same time the phase diagram at Figures 1 and 4 show that a Farey sequence of complex patterns has a distinct origin.
HAO = highamplitude oscillations; LAO = low-amplitude oscillations; SS/LAO = hysteresis between steady state and low-amplitude oscillations; SSI and SSII are two steady states (SSI has lower bromide concentration than SSII); (-) supercritical Hopf bifurcation; (---) subcritical Hopf bifurcation; (...) canard-like behavior
Changing the [H + ] 0 allowed us to obtain bromate × acetone phase diagrams at 0.5 M and 1.5 M H + concentrations. It means that a tridimensional phase diagram can be obtained. We have investigated in these cases only the main lines of the phase diagram as in the phase diagram shown in Figure 1 . As a result we observed that the external boundary that includes the oscillation regions diminishes as the acid concentration increases suggesting that the oscillation regions should disappear for higher sulfuric acid concentrations.
Then, our results show three regions in the phase diagram in which the system presents complex oscillations. The first is the region indicated by dots and labeled "1 n to n 1 " in Figure 4 , presenting mixed-mode oscillations which can be rationalized by Farey sequences. The second region presents a period-4 inside a period-2, both of them as a low amplitude oscillation, as indicated in Figure 4. The third region is at approximately 0.10 M acetone concentration and low bromate concentration (around 0.005 M) in which the system presents a period doubling sequence and quasiperiodicity.
After this analysis of the many different regions of the bromate × acetone phase diagram we can say that this is one of the most complex oscillating system ever studied. Our results shown that behaviors like a Farey sequence, a period doubling sequence, and quasiperiodicity can now be seen as possible different behaviors of an oscillating reaction which show up depending on the region of the phase diagram the parameters point to.
The very small changes in the bromate and acetone inflow concentrations necessary to observe several of the behaviors reported in this paper are almost impossible to be done experimentally. Any experiment will present small enough fluctuation in the speed of the pump that feed the reactants to the reactor that will make the system move from one pattern to another very close. This should produce patterns that will have some similarity with the patterns shown here but more irregular. However, comparison of our results with experimental results obtained by Guedes and Faria 61 for a similar system catalyzed by manganese, under batch conditions, show some resemblance, as the experimental results show mixed-mode oscillations, low-amplitude oscillations with high-amplitude bursts, and also transitions between high-and low-amplitude oscillations patterns (canard-like behavior). These results suggests that the phase diagram of the system catalyzed by manganese may has a phase diagram similar to the one presented here. For the system catalyzed by cerium, recent results in flow conditions have shown the existence of irregular low-amplitude oscillations that can change to regular high-amplitude oscillations (canard-like behavior) depending on the ratio [Ce(IV)]/[Ce(III)] 62 . More complex patterns are still waiting to be observed experimentally for this system.
CONCLUSION
The Field and Boyd model for the system bromate -oxalic acidCe(IV) -acetone showed a wealth of dynamic possibilities not yet explored for this system, in a flow regime. Complex behaviors such as mixed-mode oscillations following a Farey sequence, quasiperiodicity, period doubling sequence and chaos were found including the hysteresis between a steady state and a low-amplitude oscillations. These different behaviors were mapped in a phase diagram containing several regions, some of them nested inside the others.
Comparison of our results with the modeling results of Kim, Shin, and Lee 55 for the Briggs-Rauscher system, show that the phase diagram we obtained is much more complex. However, we did not find burst oscillation patterns but this possibility can not be excluded because this can be reveled by a more detailed investigation of this system.
The correlation of the present results with biological system is unavoidable. Several biological processes, in special hormone cycles and neurons behavior, present complex patterns similar to some of the patterns presented here 63 . The huge amount of different behaviors that are possible for complex systems like the one we presented here, suggests that other complex systems like, for example, the brain, can have an enormous amount of possibilities. However, the bridge between the many different patterns shown here and the behavior of biological subjects is only starting to be built.
